Abstract. As a first step in the search for curvature homogeneous unit tangent sphere bundles we derive necessary and sufficient conditions for a manifold to have a unit tangent sphere bundle with constant scalar curvature. We give complete classifications for low dimensions and for conformally flat manifolds. Further, we determine when the unit tangent sphere bundle is Einstein or Ricci-parallel.
Introduction
A Riemannian manifold (M, g) is curvature homogeneous ([23] ) if and only if, for each pair of points p and q in M , there exists a linear isometry F : T p M → T q M such that F * R q = R p , where R is the Riemann curvature tensor of (M, g). This means, intuitively speaking, that the curvature is the "same" at all points. Clearly, (locally) homogeneous Riemannian manifolds are curvature homogeneous, but the converse is not true. We refer to [7, Chapter 12] for an extensive and up-to-date survey about curvature homogeneous manifolds and for many non-trivial examples, i.e., curvature homogeneous spaces which are not locally homogeneous. Most, if not all, of these examples, were found or constructed by ad hoc methods. In the search for new ones, we propose to take a different road. Starting from a given Riemannian manifold (M, g), we consider spaces naturally associated to it and investigate under which conditions these are curvature homogeneous. This plan was first adopted in [27] . We intend to deal with the tangent bundle and the unit tangent sphere bundle, equipped with the natural Sasaki metrics.
The tangent bundle (T M, T g) turns out to be uninteresting. Indeed, in [21], E. Musso and F. Tricerri show that (T M, T g) has constant scalar curvature if and only if the base manifold (M, g) is flat. Hence, (T M, T g) is curvature homogeneous (even locally homogeneous) only in this specific case.
The unit tangent sphere bundle looks more interesting. In this article, we study as a first step under which conditions (T 1 M, g S ) has constant scalar curvature. In contrast to the case of the tangent bundle, we find many non-trivial examples. We give a complete classification for low dimensions (dimM = 2 or 3) and for conformally flat spaces. These results serve as the basis for the upcoming paper [9] devoted to curvature homogeneous unit tangent sphere bundles as such.
In the last two sections, we study some stronger restrictions on the curvature and determine explicitly which unit tangent sphere bundles (T 1 M, g) are Einstein or Ricci-parallel. As a consequence, we find a new proof of Blair's theorem about locally symmetric unit tangent sphere bundles ([5]).
Curvature expressions
We recall the conventions and notations of [8] and collect the formulas we need. We refer to that paper for a more elaborate exposition.
Let (M, g) be a smooth, n-dimensional (n 2), connected Riemannian manifold and ∇ its Levi Civita connection. The Riemann curvature tensor R is defined by
The tangent bundle of (M, g), denoted by T M, consists of pairs (x, u) where x is a point in M and u a tangent vector to M at x. The mapping π :
It is well-known that the tangent space to T M at (x, u) splits into the direct sum of the vertical subspace V T M (x,u) = ker π * | (x,u) and the horizontal subspace HT M (x,u) with respect to ∇:
There is also a unique vector X v at the point (x, u) such that X v ∈ V T M (x,u) and X v (df ) = Xf for all functions f on M . X v is called the vertical lift of X to (x, u). The map X → X h , respectively X → X v , is an isomorphism between T x M and HT M (x,u) , respectively T x M and V T M (x,u) . Similarly, one lifts vector
